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Abstract

This paper presents an investigation of Islamic arch forms and structural performance based on its
geometrical formation. Arch form depends on several interrelated variables such arc angles, the ratio of arc
radius to arc span, and the height of the arch. These variables are controlled in Islamic architecture by the
geometry. This paper provides insights for the geometric design of Islamic arches and outlines its structural
analysis under different load cases. A parametric study of the buckling behavior of arches for several load
cases, horizontal thrust, and bending moment will be analyzed. This paper aims to provide an
understanding of the structural concepts of the arch form in Islamic architecture based on the significance
of geometry in construction of Islamic arches. Arches described by geometry and proportions, plays a
crucial role in the composition and structure of the arch form. Typically design parameters are based on
estimating force vectors to determine arch shape, assuming that they represent the architecture properly and
are constant. To describe arch architecture in more detail and compare geometrical and non-geometrical
states, geometric approach was validated. Arch forms are constructed from historical sections, based on
geometric language, as well as the shape of the arch. The proposed approach may help to identify functional
structural concepts within the arch, with homogeneous architectural geometric properties. The related
results are discussed regarding the parameters essential for structural arch modeling and challenge aesthetic
parameters of the arch-model.

Keywords: Islamic Arch, Arch Stability, Arch structure, Geometry
1. Introduction

The study of structural analysis and geometric principles of the design of traditional Islamic arch with regard
to geometric proportion analysis, and the description of the syntheses of the arch structural concepts finds that it
followed a pre-established geometric design with high accuracy and great precision. These findings support the
argument that geometry was independently discovered and used in Islamic architecture and constitutes one of the
most important design tools in architecture. Applications of this tool are presented with specific reference to
examples in the field of modular arch structure. The case studies of a traditional arch prototype are used to explore
the morphology of a traditional arch structural performance. This paper presents a structural investigation of Islamic
arch geometry. Its structure and mechanics are significantly different from other arch forms because of its special
geometrical form. Arch forms will be subjected to axial compression force, bending moment, torque, and shear stress.
The investigation of the geometric models of arch structure is based on the geometric composition of the arch model
evaluated by comparing different experimental tests to incorporate and determine the structural properties of the arch

prototype.
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The aim of this study is to develop a technique that examines the structural analysis of proportional
architecture of arches, and to determine how the arch architectural parameters change due to structural forces. To
accomplish this, the arch types are investigated in compression and tension conditions. Arches were compared based
on angles and curvatures. Additionally, the shape of the arch was analyzed because they are commonly used as a
reference system. Local differences in arch angles, lengths, and curvatures, as well as changes in these parameters with
different cases of loadings will be expected. The results are discussed regarding both their implications for established
methods that estimate maximum force and the importance of their constructed architectural characteristics as input
parameters in arch modeling.

2. Geometry of Islamic Arches

Geometry is an unseen presence in Islamic art and architecture. It is the visual representation of the
mathematical patterns by which the human mind can comprehend order and harmony. This paper discusses
proportions and geometry as a tool to achieve a performance oriented process in arch design, with specific focus on
arch structural concepts. The key role played by geometry in arch is discussed in relation to proportions as a design
process, in which evaluations based on structure and aesthetic criteria are integrated into the design process. This
serves two objectives. Firstly, geometry in arch design was almost self-guiding methods of regular and aesthetically
proved design. Secondly, Proportion geometry regulates primarily the order concepts, but at the same time it mediates
between the two poles of order and diversity as well as between aesthetic levels. Arches described by geometry and
proportions, plays a crucial role in the aesthetic and structure of the arch form. Usually, parameters based on estimate
force vectors or lengthen are used to determine arch shape, assuming that they represent the architecture properly and
are constant. To describe arch architecture, geometric approach in the construction of arch forms from historical
sections, based on geometric language that determine the shape of the arch is validated. The considered approach
may help to identify functional homogeneous architectural properties. The results are discussed regarding the
parameters essential for arch modeling and challenge structural force estimations that are based on the area or the
arch-model.

Geometry thus determine the functional characteristics of arch and are therefore of interest when variations
in arch architecture are studied. Arch architecture can differ greatly among arches within proportional systems.
Centre angles may vary so greatly from arch to arch that even in rather simple arches they cannot be described by
single parameters. Usually, arches are studied and investigated from the effects of the span division lines. The
geometric techniques clearly have the advantage of depicting and thus allow looking at the arch structure which
requires relatively proportional systems. Fig (1) represents the prototypes of Islamic arches drawn based on geometric
division of the span line. Although the arch’s curvature is correlated with the angle, the main parameters are presented
through arch span and it is independent from the reference system in contrast to angles.

Pointed Arch Pointed Arch Four Centred Arch Semi Circlular Arch Pointed Arch
Two Centred Arch Three Centred Span divided into four parts Radius equal to both height

F 2 Radius equal to £
and span of arch

Radius Equal to} of span of span

Fig. 1. Prototypes of Islamic Arches

The reconstructed arches were aligned at their center, the pointed arch, curvature coefficients were higher.
Thus, arches were bent only slightly in the center but more curved towards the attachment sites. Great variation
occurred within the arch due to the length portions the prototypes used in this study produce arches using the
geometric modeling process. The layer-by-layer construction results in arch matrix that is homogeneous.
Characterization of the matrix arch properties was necessary so that the model could accurately represent the
structural properties.



40 Journal of Engineering and Architecture, Vol. 3(1), June 2015

Fig. 2 shows a matrix of Islamic arch. In arch design, it is recognized that the underlying arch-architecture
plays an important role in structural mechanics of the arch. Arch models provide estimates of local tissue mechanics
which can give insight into the mechanisms of arch structure as well as form a basis for inductive models of
mechanically driven arch adaptation. The purpose of this study is to establish standard experimental validation
method for assessing the accuracy of geometric arch models at both the apparent and structural levels based on arch-
specific geometry.

STEP 1 STEP 2 STERP 3 STEP 4 STEP & STEP 6
\ ; \ / \ / \ /
NS

o/ o/ /\/\/‘\
A \ S \ /
X s i
TR PN
VAN VA
A% SN
/ \ / \
/ \ / \
/ \ / \ / \
o kY 7 N # hY

-

t
t
"
B
P
e,
= -
j>

\ / '
i A

Fig. 2 Configuration Matrix of Islamic Arches

3. Structural Analysis

3.1 Geometry of Islamic Pointed Arches

For the purpose of this paper the two centered pointed arch (radius equal to 1/3 of span) is used as a basic
case study. The pointed Islamic arch is composed of two circular arcs with independent radii.
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Hence, there are many geometrical variables to be determined namely, the radius of the left arc which is 2/3
of the span of the arch, R1, the radius of the right arc, and equal to R2, the angle () subtended by the two radiuses
R1 and R2,is 76 degrees , the top angle of the arc, 4, is 52 degrees , as well as the overall height of the arch, h. These
variables are shown in (Fig 3). From the geometry of the arch the coordinates of the peak of the arch can be

expressed as:
'\ \?\
$/2 = 3/4R ‘

R=2/38%

§ | §

Pointed Arch
Two Centred Arch

Radius Equal to § of span

Fig. 3 Geometirc Configuration of Pointed Arches
Sing/sina=h/R ... 1)

Equations (1) must be solved iteratively to determine all the geometric variables of a pointed semi arch, so as
to simplify the design process. The graphs in Fig. 4 have been developed to determine the geometric variables for a
specific height-to-half span ratio, R/H. The plots in Fig 4 shows the relationship between the ratios R/h for different
values of angle [ such that angle 5 can be determined from these independent variables.

90

80
70
60
50 +
40
30 +
20
10 +

1 1.1 1.2 13 1.4 1.5 16 17 1.8 1.9 2

h/R
Fig 4: Relationship of H/R versus the angle g
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Arches behave like two-dimensional beams spanning an open space, but unlike simple beams arches have a
horizontal thrust resisting the tendency of the arch to open out. The common arch systems can be a three-hinged
arch, a two hinged arch, or a fixed-fixed arch as shown in Fig. 5. For most common arch applications the two hinged
arch is the most practical and is the arch system used in this study.

Y Y Y

Three-hinged arch Two-hinged arch Fixed-fixed arch

Fig. 5: Most Common Arch Types
3.2 Horizontal Thrust

The arch is assumed to be a two hinged arch with horizontal base reactions H, as shown in (Fig 6). To
analyze this arch the principal of virtual work (Williams, 2009) or minimum strain energy (Timoshenko, 1930) is used
giving the horizontal support reaction as:

_In'.waFs ET
| vds/EI

where M is the bending moment of the applied load case for a statically determinate simply supported arch, y
is the distance from the base of the arch and represents the bending moment due to a unit horizontal load applied at
the released support of the statically determinate simply supported arch, ds is the infinitesimal distance along the
length of the arch, and El is the bending rigidity of the arch (E being the modulus of elasticity and | the moment of
inertia of the cross-section about the axis of bending). For the pointed Islamic arch, two circular coordinate systems
are required as shown in Figure 3; the first for the lower part of the arch using @as the variable and integrating the
moments from 6=o0to 6= []/2, and the second for the upper part of the arch usingfas the variable and integrating
the moments from J=a t0 D= (a+p).
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Fig 6: Load Cases Considered in Structural Analysis for Horizontal Thrust Reaction

The horizontal reaction that prevents the spread of the arch depends on the type of loading applied to the
arch. Three cases of loading are analyzed namely a concentrated load P at the peak of the arch (mid span), a
uniformly distributed vertical load acting along the horizontal projection w, and a uniformly distributed horizontal
load acting along the vertical projection wh, which are shown in (Fig 6, 7, 8 and 9).
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Case 1
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Fig 7: Horizontal Thrust for Case 1 Loading, Concentrated Load P at Mid span
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Fig. 8: Horizontal Thrust for Case 2 Loading, Uniformly Distributed Vertical Load W
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Fig 9: Horizontal Thrust for Case 3 Loading, Uniformly Distributed Horizontal Load Wh
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3.2. Loading Cases

3.2.1. Case (1): Concentrated Load at Mid Span

Due to the complexity of the expression derived for the horizontal thrust it is not stated here but is given in
the appendix. The value of the horizontal reaction for a concentrated load Pat mid span is plotted in (Figs. 10a and
10b) in the non-dimensional form of 2H/P for different values of angles a and B. It can be seen that for the arches
with angles of o between 5%nd 200, the horizontal thrust increases slightly with the increase in the height-to-span ratio
(i.e., increase of ), whereas for values of « between 25%nd 52°, the horizontal thrust decreases with the increase of
this ratio.

3.2.2. Case (2): Uniformly Distributed Vertical Load Acting along Horizontal Projection

For a uniformly distributed vertical load of W acting along the horizontal projection the horizontal reaction,
the expression for which is given in the appendix, is plotted in (Figs 11a and 11b) in the non-dimensional form of
H/0.75WR1 for different values of angles « and g. It can be seen that for all values of «, the horizontal thrust
decreases with the increase in the height-to-span ratio, however, this decrease becomes significantly greater as «
increases.

Case 1

Fig 10a: Horizontal Thrust for Case 1 loading -Concentrated Load P at Mid span
Fig. 10b: Horizontal Thrust for Case 1 loading -Concentrated Load P at Mid span
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Fig 11b: Horizontal Thrust for Case 2 Loading, Uniformly Distributed Vertical Load W
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3.2.3. Case (3): Uniformly Distributed Horizontal Load Acting Along Vertical Projection
Case 3
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Fig 12b: Horizontal Thrust for Case 3 Loading, Uniformly Distributed Horizontal Load Wh.

For a uniformly distributed horizontal load of wh acting along the vertical projection the horizontal reaction
on the side of the horizontal loading (i.., the right side), the expression for which is given in the appendix, is plotted
in Figs 12a and 12b in the non-dimensional form of wH2/4R1 for different values of angles a and . Again, it can be
seen that for all values of 4, the horizontal thrust decreases with the increase in the height-to-span ratio, however, this
decrease becomes significantly greater as « increases.

3.3 Bending Moment

Arch-type structures are most efficient if they carry their load in such a way that the funicular curve coincides
with the centroid axis, which results in axial compression and no bending of the arch axis (Ziemian, 2010). Examples
of arches under pure axial compression include circular arches subjected to uniform normal pressure, commonly
called hydrostatic loading, parabolic arches subjected to uniform load on a horizontal projection, and centenary arches
with load uniformly distributed along the arch axis.
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However, for other shapes of arches and other types of loading, a small amount of bending moment will
occur along the axis of the arch. Hence, arches are generally designed to resist axial compression forces and small
amounts of moments.

4.1n-Plane Buckling of Arches
Load

=

Symmetric
Buckling

Antisymmetric
Buckling

Displacement
Fig 13: Modes of In-Plane arch Buckling

The stability of an arch can be characterized by buckling in or out of the plane of the arch. In plane buckling
occurs when the arch is substantially braced against out-of-plane deformations, while out of- plane buckling occurs
for arches with significant free-standing portions. In-plane buckling is associated with combined compression and
bending while out-of-plane buckling is associated with combined compression, biaxial bending, and torsion. This
paper deals with in-plane buckling. Arches can buckle in-plane in a symmetrical buckling mode or an anti-symmetrical
buckling mode, as shown in (Fig 13) (Ziemian, 2010). Generally, the symmetrical buckling load is greater than the
anti-symmetrical buckling load. If an anti-symmetric mode does not become dominant, the arch eventually becomes
unstable in a symmetrical mode with the load-deflection curve gradually reaching a limit point. On the other hand, the
limit load may be significantly reduced if an anti-symmetrical buckling mode dominates. This anti symmetric
bifurcation load is the subject of discussion in this paper.

Fig 14: Typical Arch Buckling

The buckling of arches is well presented by Timoshenko and Gere (1961). The radial deflection of a circular
arch of radius R and subjected to a uniform pressure is taken as w, as shown in (Fig14). The moment in the arch is
assumed to be equal to the secondary moment due to the internal compressive force, S, multiplied by the deflection w
(i.e., M = Sw). Hence, the differential equation for the buckling of the arch is
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Where: S = q R, g being the uniform pressure acting on the arch, and EI is the bending rigidity of the arch. In
this equation the variation of the compressive force S along the length of the arch is neglected. Taking k2 =1 +
gR3/EI the differential equation for the buckling of the circular arch becomes

ﬂl“‘: +klw=0 (3)
ae”

The general solution of this equation is w = A sin k@ + B cos k 0 Satisfying the condition at the left end (6 =

0) gives B = 0, and the condition at the right end (6= 2a) gives sin 2 a £ = 0. The smallest root for this that satisfies
the condition of inextensibility of the center line of the arch is k = =/« giving

q 2 L (4)

or . =
R &r, |

Equation (4) is also a good approximation for the case of a uniformly distributed vertical load. Austin
(1971)noted that the critical thrust for the case of a two-hinged circular arch with mid span concentrated load in
which large bending moment and displacements exist prior to buckling is nearly the same as the critical thrust for the
uniform pressure loading which causes only compression in the arch. So, it can be assumed that the buckling data for
arches subjected to loadings which cause pure compression can be used to estimate the critical loading values for
other symmetrical loadings.

5- Results and Discussion

The linear analysis was used to verify the horizontal thrust reactions shown in (Figs 6 thru 9), and to obtain
the bending moment diagrams. The finite element horizontal thrust compared accurately with the analytical values
derived with a deviation of less than 0.5% for Case 1 loading, less than 0.3% for Case 2 loading, and less than 5% for
Case 3 loading. The deformed shape and bending moments for the three cases of loading are shown in Figure 15 (a) —
(c). As the pointed curve is not the funicular curve for any of these cases of loading, there is a fair amount of bending
moment produced, which must be taken into consideration in the design of such arches. A geometric proportional
system was used representing the arch construction phase. The proportional data process was used as a basis to
calculate and to determine the precision and repeatability of the structural analysis process. The arch structure has
been investigated in various studies and therefore some data exist to validate our method. Thus, our approach to
reconstruct the arch allowed an accurate depiction of the structural organization and the applied procedures did not
substantially change the architectural parameters. In addition, the force exerted by the arch in this study agrees well
with previous force measurements indicating complete arch recruitment and likely the arch’s fixation under conditions
of peak force.

Furthermore, particular attention was paid to fix the arch at resting length to enable contraction at its optimal
length. Also, the arch was fixed while oriented vertically, because a stretched arch would display lower tension angles
and curvatures as well as reduced force exertion. Vertical deflections are commonly used as reference systems for
measuring arch angles. As this study and other studies show, arches are neither planar nor static structures. Rather,
lateral as well as distal bulging occurs during contraction. This presents two possible problems for the use of arches as
a reference system. First, changes in shear during contraction can be the result of actual changes in the arch
architecture. Second, while maintaining the forces head perpendicular to the arch surface, the arch measured before
and after contraction may not be the same. This clearly hampers the comparison of relaxed and contracted arch
geometry. Variations of arch angles and lengths have implications for estimates of arch characteristics. Two
assumptions are made; both arch angles and lengths are homogeneous and can be represented by a single value; both
parameters vary throughout arch and are hardly describable by single values. Furthermore, it should be noted that the
arch is a rather simple structure and therefore estimations of the maximum force likely deviate much more in more
complex arches. As this study shows, curvature represents an important parameter and should be integrated in
models. Particularly close to arch attachment sites, high curvature values occur.
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The arch curvature has further consequences when, for example, arch lengths are estimated indirectly using
arch angle and distance between the fixing points because the actual length will be underestimated if the arch are
curved. Besides, curvature coefficients may change not only along arch, they also vary amongst the fixing points.
Hence, even though certain simplifications are necessary for practical reasons, they reflect reality better in
geometrically simple arch than in complex ones. Although the approach of generating geometric arch data has been
previously reported, to our knowledge this is the first time arch geometry have been used for a rigorous validation of
the structural approach, and represents the first time arch property definition has been modeled in the structural
properties. The approach is unique in that it represents the complex architecture of arches for specific geometric
validation, and the experimental test results can be used for validation of future modeling methods as they develop.
The validation approach presented based on prototype replicas focuses on the geometric issues related to arch
modeling, and not the ability to incorporate the material properties into the model. The validation of models
including more complex properties would be challenging, and therefore the validation approach presented here
focuses on the geometric aspects of arch modeling, and can be tailored to any arch type with varying geometries. The
ability of geometric models to accurately predict experimentally determined structural properties has been
demonstrated previously, however those studies typically back-calculated a tissue modulus that provided the best fit
between model and geometry. The principal stress on the model surface varied as a function of the particular type of
surface geometry on which it was measured, and differences on the flat surface were less compared to the curved
surface. The experimental surface stress data from testing the replicas can be used for assessing the validation
technique which can provide important insight. In conclusion, the validation approach used here uses arch
prototyping for architecture-specific validation. It will be critical to validate the apparent level and geometric
mechanics which are increasingly being used, respectively, for arch prediction mechanical properties, and a basis for
mechanically driven arch models of structural adaptation.

6- Conclusion

The paper presents the structural and in plane buckling analysis of two-hinged ogee arches. The geometry of
ogee arches are composed of a number of interrelated variables that can be determined from the design curves
presented before the analysis can be conducted. The horizontal thrust reaction of two-hinged ogee arches depends on
the geometry of the arch and type of loading and, in general, decreases with the increase in height-to-span ratio. The
Eigen value buckling analysis predicted an Anti-symmetric mode of buckling, which was verified by the nonlinear
analysis of the arch with initial geometric imperfections. The bifurcation load of Pointed arches depend only on the
height-to-base radius ratio, decreasing with the increase in the height-to-base radius ratio. The relationship between
the bifurcation load and the height-to-base radius ratio is linear for concentrated mid span loads and uniform vertical
loading acting along the axis of the arch. There is a fair amount of scatter in this relationship for uniform vertical
loading acting along the horizontal projection, and this relationship is nonlinear for uniform horizontal loading acting
along the vertical projection. The deflected shape and bending moment diagrams for the three cases of loading are
shown in Fig 15. Case 1 is for a concentrated at mid-span loads; Case 2 is for uniform vertical loading; and Case 3 if a
combined vertical uniform load and uniform lateral load.

Case 1: Concentrated Vertical Load
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Case 2: Uniformly Distributed Vertical Load

ﬁ@rﬂﬂ"%q%
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Case 3: Uniformly distributed vertical and lateral loads
Fig 15: Deflected Shape and Bending Moment Diagram for the Three Cases of Loading

Although the limitations of this study with regards to sample size are acknowledged, the results show that
architectural parameters describing; the structural behavior, the deflection angles, the arch curvatures, and the arch
lengths should be integrated. The incorporation and testing of these parameters in arch models will allow
subsequently defining functional sub units homogeneous in their architectural properties. For example, the mid-center
of the arch was architecturally more or less homogeneous and thus could be described by a fewer parameters, while
the ends were more complex and would require a greater number of detail to reflect its architecture. The shear and
moment aspects were more or less parallel to each other in the pointed arch both had only slightly curved shapes due
to the arches tapering towards the attachment sites. In lateral direction, the arches were also curved due to the
cylindrical shape of the arch. However, both shear and moment exhibited a planar central area. Due to contraction, is
a very symmetrical arch, its bulging was symmetrical along they- and z-axes because the bulging affected mainly the
arch’s center. Thus, the curvature of arches increased in all three planes, displaying their greatest deformation at the
arch’s center. Compression, torsion and bending tests performed to determine the arch properties, in addition to
compression testing for apparent and local level stress, demonstrated a linear region for the arch model. The strain
rate tests confirmed a linear elastic stress—strain relation. On the other hand, the analytical calculations serving as a
benchmark are also limited due to the use of modulus and the calculations are sensitive to their representation of a
round cylindrical surface. Nevertheless, taking into consideration the limitations of each measurement technique, the
comparison of those model results with the experimental results are presented.



52 Journal of Engineering and Architecture, Vol. 3(1), June 2015

References

AASHTO. LRFD Bridge Design Specifications. (2004) American Association of State Highway and Transportation
Officials. Washington DC, USA.

Austin WJ. (1971) In-plane bending and buckling of arches. ASCE J Struct Div; 97(5):1575-92.

Austin WJ and Ross TJ. (1976) Elastic buckling of arches under symmetrical loading. ASCE J Struct Div; 102(5):1085-
95.

Beedle LS (Ed.). (1991)Stability of metal structures, a world view.2nd Ed. Structural Stability Research Council.
Bethlehem, PA, USA.

Boyd TD (1978) ‘“The Arch and the Vault in Greek Architecture’, Amer J of Archaeology 1978; 82(1):83-100.

Chang CK. (1973) Effect of loaded length on the buckling strength of slender arches Thesis Rice University.
Houston, TX, USA.1973.

DaDeppo DA, (1970)Schmidt R. ‘Stability of an arch under combined loads, bibliography on stability of arches’. Ind
Math; 20(2):71-89.

El-Mahdy GM, Zaki MA (2010) ‘How steel can contribute to green building design and maintenance’. Proc ASCE 6th
Int Engng and Const Conf (IECC’6). Cairo, Egypt; June 28-30.

Eurocode 3. EN 1993-2 (2006) Design of steel structures, part 2: steel bridges. European Committee for
Standardization (CEN). Brussels, Belgium. 2006.

Fukumoto Y. (1996) ‘Structural stability design, steel and composite structures’, Pergamon. Amsterdam, Netherlands.

Harrison HB. (1982) ‘In-plane stability of parabolic arches’, ASCE J Struct. Div; 108(ST1):195- 205.

Hayashi T. (Ed.).(1971) Handbook of structural stability, Corona Publishing. Tokyo, Japan. 1971.

[King C, Brown D. (2001) ‘Design of curved steel’, Steel Construction Institute. Ascot Berks, UK.

Kuranishi S, Lu LW, (1972) ‘Load carrying capacity of two-hinged steel arches’ Proc Jpn. Soc. Civ. Eng.; (204):129-40.

Onat ET, Prager W. (1953) ‘Limit analysis of arches’, J Mech Phys Solids ; 1:71-89.

Pi YL, Bradford MA. In-plane strength and design of fixed steel I-section arches. Eng. Struct. 2004; 26(3):291-301.

Pi YL, Bradford MA, Tin-Loi F, Gilbert RI. Geometric and material nonlinear analysis of elastically restrained arches.
Eng. Struct 2007; 29(3):283-95.

Pi YL, Trahair NS. Nonlinear buckling and post buckling of elastic arches. Eng. Struct 1998; 20(7):571 9.

Pi YL, Trahair NS. In-plane buckling and design of steel arches. ASCE J Struct Eng 1999; 125(11):1291-8.

Singer J, Arbocz J, Weller T. Buckling experiments: experimental methods in buckling of thin-walled structures. J
Wiley. New York, USA. 1998.

Spoorenberg RC, Snijder HH, Hoenderkamp JCD. A theoretical method for calculating the collapse load of steel
circular arches. Eng. Struct 2012; 38:89-103.

Timoshenko S. Strength of materials part I: elementary theory and problems. 3rd ed. D Van Nostrand Co Inc. USA.
1930.

Timoshenko SP, Gere JM. Theory of elastic stability.2nd ed. McGraw-Hill. New York, USA. 1961.

Williams A. Structural analysis: in theory and practice. Elsevier Butterworth—Heinemann Publications. USA. 2009.

Wolde-Tinsaie AM, Foadian H. Asymmetrical buckling of pre-stressed tapered arches. ASCE J Eng Mech 1989;
115(9):2020-34.

Yau JD, Yang YB. Geometrically nonlinear analysis of planar circular arches based on rigid element concept — a
structural approach. Eng Struct 2008; 30(4):955-64.

Ziemian RD. Guide to stability design criteria for metal structures. 6th ed. John Wiley & Sons Inc. New Jersey, USA.
2010



